Bridge Cohomology

Jon Belcher

University of Colorado Boulder

Special Session on Noncommutative Geometry and Fundamental
Applications
AMS Western Sectional 2018

Jon Belcher (University of Colorado Boulder) Bridge Cohomology /23



Preliminaries

Complexes

For any k-algebra A we have the Hochschild and Bar cochain complexes
G2 (A) and C*(A), where C(’]’Dar)(A) is the module of n+ 1 multilinear

bar
functionals on A, and the boundary maps are respectively given by

n

b'o(ag, ...y ant1) = Z(—l)igo(ag, vy @j@j41s ey Ant1)
i=0

and

n+1

by(ag, ..., an+1) = b'¢(ag, ..y ans1) + (—1)"(ans1a0, -, an)
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Preliminaries

Cohomologies

For any algebra A (not necessarily unital) the bar cohomology of A is the
cohomology of the complex G2, (A)

HB*(A) := H*(CPar(A))

When A is a unital algebra, the Hochschild cohomology of A is defined as
the cohomology of the complex C*(A)

HH®(A) := H*(C*(A))
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Preliminaries

Normalized and Reduced Complexes

The Reduced Hochschild cochain complex is composed of the modules
Cra(A) ={ele(ag,...,an) =0ifa; =1,1<i<n}

forn>1, and
Crea(A) = {p (1) = 0}
The reduced Hochschild cohomology is then

HH®(A) := H*(C*(A)req)

For a non-unital algebra A, HH"(A) = H"(C* (A1 )red)-
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Preliminaries

Maps

There exist chain maps
(L=2A): C*(A) = G, (A)

Q: Gar(A) = C*(A)
Where
)\QD(BO, ey an) = (_]-)ngo(am a0 -+ an—l)

and
n
Q=3
i=0
When K contains Q the sequence is exact

L9 () Gn(A) D CA) D Ga(A) S
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Cyclic Cohomology

Connes Complex

Definition

The Connes complex Cy(A) is given as the kernel of 1 — X :

0 — Gy(A) = C(A) =2 Gour(A)

The “Cyclic” Cohomology of A is then H}Y(A) := H*(Cy(A))).
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Cyclic Cohomology

For any algebra A the cyclic cobicomplex CC**(A) is the bicomplex

b ¥ b Y
c(a) 23 ¢, () — ) 22 g, (-
b Y b Y
amw i A -2 aniAa, w2
b Y b ¥

1—) Q Q

co(a) =2 2, (4) oA A o, () -

The nt" cyclic cohomology of A is then

HC"(A) := H"(TotCC**(A))
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Theorems and Examples

Proposition (Connes)

Let T be an n+ 1 linear functional on A. Then the following are
equivalent:

@ There is an n-dimensional cycle (Q,d, [) and a homomorphism
p: A— QO such that

A /p(ao)dp(al)...dp(a,,)

@ There exists a closed graded trace 7 of dimension n on *(A) such
that
7(ao, .., an) = T(aodai...day)

© br =0and (1 - X\)7=0. ThatisT € Z](A).
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Theorems and Examples

There exist pairings (Ko(A), HC¢(A)) and (K1(A), HC°(A)) between the
first and second K-theory groups of A and the even and odd cyclic
cohomological groups of A.

An open question is then, how can we apply these results to manifolds
with boundary?
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Theorems and Examples

Specifically, if we look at the proof of the previous proposition 1) = 3):

7(ao, ..., an) :/aodal...da,,
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Theorems and Examples

Specifically, if we look at the proof of the previous proposition 1) = 3):

7(ao, ..., an) :/aodal...da,,

= (—1)”1/da,,aoda1...da,,_1
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Theorems and Examples

Specifically, if we look at the proof of the previous proposition 1) = 3):
7(ao, ..., an) :/aodal...da,,
= (—1)”1/da,,aoda1...da,,_1

= (—1)"_1/d(a,,ao)dal...da,,_l +(—1)"/a,,daodal...da,,_1
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Theorems and Examples

Specifically, if we look at the proof of the previous proposition 1) = 3):
7(ao, ..., an) :/aodal...da,,
= (—1)”1/da,,aoda1...da,,_1
= (—1)"_1/d(a,,ao)dal...da,,_l +(—1)"/a,,daodal...da,,_1

=(-1)"1 / d(apao)day...dan—1 + A7(ao0, ..., an)
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Theorems and Examples

Specifically, if we look at the proof of the previous proposition 1) = 3):
7(ao, ..., an) :/aodal...da,,
= (—1)”1/da,,aoda1...da,,_1
= (—1)"_1/d(a,,ao)dal...da,,_l +(—1)"/a,,daodal...da,,_1
=(-1)"1 / d(apao)day...dan—1 + A7(ao0, ..., an)

Hence

(1 —N)7(a0, ..., an) = (—1)"1 / d(apap)da;...dap_1 ~ / e

oM
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Theorems and Examples

For a manifold M with Boundary M, we now have two algebras

A= C>®(M) and B = C>*(0M) (or &>°(0OM)) along with a surjection

A % B between them, and we are looking for functionals ¢ € C*(A) such
that (1 — A\)p € 0*C*(B)
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Bridge Cohomology

(Originally “Restricted Cyclic Cohomology” )

Definition

For a surjective map of unital algebras A % B, the bridge complex R(o)
can be defined as the pullback in the following diagram:

R*(0)——C*(A)
F

1-X

C];ar(B)o-4> Cl;ar(A)

Rio) ={ (%) e < | a-ne=ou} (o )
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Bridge Cohomology

Of special note:

R*(ida) = {¢ € C*(A) | (1 — N\)p = idx¢ for some ¢ € C*(A)}
- ()

And for the zero map we have the short exact sequence A — A O, 0, and
bridge cohomology

R*(04) = {y € C*(A) | (1 = A)p = 0} = CX(A).
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Bridge Cohomology

Non-unital Constructions

Given any k-algebras A and B (not necessarily unital) and a surjective
algebra homomorphism o : A — B, let o : Ay — By. We define the n*t

bridge cohomology module of ¢ as:

HR"(0) = ker <HR"(U+) “, HR”(idk)> .
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Bridge Cohomology

Normalized and Reduced Complexes

Proposition-Definition

R(0)rea is the pullback of the corresponding normalized complexes:

R.(J)red4> C.(A)red
[

1-X

Ck:ar( B)red 04> Ck:ar(A)red

For a non-unital surjection o : A— B, HR"(c) = H"(R(0+ )red)-
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Bridge Cohomology

Cyclic bicomplexes

Let o : A — A/l be a surjective unital algebra homomorphism, where
I C Alis an ideal. Then the relative Hochschild complex C(A, ) is defined
as the cokernel

0— C(A/l)— C(A) — C(A, 1) — 0.

With cohomology HH(A, ).
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Bridge Cohomology

Cyclic bicomplexes

Definition

Let A be a unital algebra and 0 — / — A % A/l — 0 be a short exact
sequence of algebras. Define the bridge bicomplex of o, RR(c), as the
bicomplex with the following columns

C(A) M} Cbar(A’ I) & C(A? l) i) Cbar(A, /) &

With cohomology given by HR" (o) := H"(Tot RR(c)) called the bridge
cohomology of o.

Proposition

When K contains Q, the total complex of RR(o) is quasi-isomorphic to the
q
bridge complex, TotRR(c) = R(0).
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For an augmented morphism oy : AL — AL/,

HR"(c) = H"(Tot RRB(c)), where RRB(o) is the following tricomplex
\ C}gar( ) Cgar(A7 /) T’ Cbar(A7 I) T Cgar(A7 /) -
C2(A) —i Coar(A 1) —> C2(A ) —i Coar(A1) —L
1 Céar(A) -1 Cl;ar(Av I) 1— Cgar(Av I) 1 Cl;ar(Av I) —
CH(A) —i CL.(A]) — CHA,I) —i CL.(A D) —
1 Cl())ar( ) 1 C (A I) - bar(A I) 1— Cl?ar(A’I) -
b —b'
/_ A /
C°(A) —> C&r(/h 1) — CoA 1) — C2 (A1) —
q(1
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Bridge Cohomology

Gysin-Connes

Theorem (B.,Lesch, Moscovici, Pflaum)

There exists cohomological long exact sequences

o HC(A, 1) 2 HR™2(0) L HH™2(A) B HCM (A1) — . ..
and

co- = HY(A) 5 HR (o) 5 HITY(A/1) 225 HIPY(A/D) — ..

Jon Belcher (University of Colorado Boulder) Bridge Cohomology

/23



Bridge Cohomology

Relative Bridge Cohomology

Given an exact sequence

0—o —>(f1’f2) T —>(g1’g2) T/o—0

we can define the relative bridge cocomplex, R*(7,0), as the cokernel

0— R*(t/o) = R*(1) = R*(7,0) — 0
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Theorem (B.)

(Excision) Let 0 — p — 0 — 7 — 0 be a copure short exact sequence in
the category Sk, with associated nine diagram

0 0 0
| | |
0 /lK ;I — K/INK —— 0
0 I A—2 4 All 0

L

0 —— I/INK — A/K —= A/(l + K) —— 0

| |

0 0

O —

Then the map R(o, p) — R(p) is a quasi-isomorphism if and only if K and
K/K NI are coH-unital.

v
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Bridge Cohomology

Future Projects and Applications

Research Goal

Correlate bridge cohomology and de Rham Homology on manifolds with
boundary: (L.,M.,P.) for M compact and

I Z(OM; M) — C®°(M) % £%(OM),

HR*(0) = B™Y(2,_,(M; dM)) & HIR,(M; dM) & HIR,(M; OM) & ...

Extend the pairings (Ko(A), HC¢(A)) and (Ki(A), HC°(A)) from Connes,
to manifolds with boundaries.

Jon Belcher (University of Colorado Boulder) Bridge Cohomology /23



Jon Belcher (University of Colorado Boulder)

Thank You!

Bridge Cohomology
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